
A METHOD OF STUDYING THE STATE OF A RAREFIED GAS 
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We propose  a ma themat i ca l ly  c o r r e c t  method of solving the Bol tzmann equations.  

The evolution of the s tate  of a neutral  or  weakly ionized gas can be desc r ibed  [1] by means  of the 
f a m i l i a r  kinetic equation 

0 + v ~ + m [ = ~ I v --v~ ] (f'f'~ - -  [f), sin ~d{~dqDdv. (1) 

Here  fdeff(t, r ,  v) and fdeff(t, r ,  v) a re  dis t r ibut ion functions fo r  the pa r t i c les  p r io r  to coll is ion while 

f'd~eff(t, r ,  v ' )  and f 'deff(t ,  r ,  v,') a re  dis t r ibut ion functions subsequent to collision; a d e f a ( I v - v , I ,  $, ~) is 

the di f ferent ia l  sca t t e r ing  c ro s s  sect ion fo r  the angles d and ~ in the c e n t e r - o f - m a s s  sy s t em fo rmed  by 
the colliding molecules ;  X is the externa l  field; m is the par t ic le  mass ;  the integrat ion is c a r r i ed  out over  
all  values  of the angles  and of the components  of the ve loc i ty  v. , 

The mos t  fully developed methods of solving (1) a re  based  e i ther  on the s e r i e s  expansion of f(t, r ,  v) 
and of the ope ra to r  3/Ot in t e r m s  of the smal l  p a r a m e t e r  (Enskog-Chapman ,  [2]), or  on the s e r i e s  expan-  
sion of f(t, r ,  v) on the bas i s  of a spec ia l ly  cons t ruc ted  s y s t e m  of o r thonormal  functions (Grad, [2]). In 
e i the r  case ,  the calculat ion of each succes s ive  approximat ion  involves e v e r - i n c r e a s i n g  diff icul t ies .  More-  
over ,  the Enskog s e r i e s  converges  only asympto t ica l ly ,  as  K n ~ 0 ,  while the Grad s e r i e s  converges  only on 
the average ,  and only if f(t, r ,  v) d imin ishes  more  rapidly  as Iv[ ~ ~ then e x p { - I v [  2/4}; we do not know 
whether  the unknown function exhibits  this  p rope r ty  at any instant of t ime.  

Other methods of cons t ruc t ing  the approx imate  solutions involve the d i rec t  proof  of the t heo re ms  of 
exis tence ,  which are  all  the m o r e  important ,  since there  is p resen t ly  no f au l t - f r ee  method of der iv ing  (1). 
A number  of r e f e r e n c e s  ([3]-[9]) a re  devoted to the p rob lem of w h e t h e r o r n o t  solutions e x i s t f o r  theBol tzmarm 
equation. Since the p r o p e r t i e s  of the col l is ion integral  a re  substant ia l ly  di f ferent  fo r  the var ious  potent ials  
of par t ic le  interact ion,  we mos t  f requent ly  examine a gas of Maxwell or  pseudo-Maxwell  molecules  ([4]-[7]). 

Below we prove  t h e  local  t h e o r e m  on the exis tence  and uniqueness of the solution for  Eq. (1), with 
r a t h e r  broad assumpt ions  as to the potential  of par t ic le  interact ion,  as well  as the uni form convergence  of 
the sequence of approx imat ions  of the exact  solution. 

The Equation. Let us a s s u m e  a gas of c l a s s i ca l  point pa r t i c les  which in terac t  with each other  in the 
following manner .  

We a s s u m e  that the potential  ~(ri j  )(i ~ j) of the molecu la r  field is cen t ra l ly  s y m m e t r i c a l  and, m o r e -  
over ,  that 

[ ~ l / r F ' ,  rij -~ro, 
q~ (r~j) /-~ 0, ri~ > ro, r o = const > 0. (2) 

The col l is ion integral  can then be wr i t ten  as 

:f =. f (r[' - ff) do d,,, (3) 
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w h e r e  

def  u - -  5 
do)~ dOd% Y = ~ - -  1' 

in which  c a s e  

I K (~) do < ~ .  (4) 

F o r  m o d e l s  of sol id  s p h e r e s  with a d i a m e t e r  d we have  

K = d ~ I v - -  v I sin ~ cos ~. 

Le t  us  a s s u m e  tha t  the  gas  occup ie s  the e n t i r e  s p a c e  and t h a t t h e r e a r e n o e x t e r n a l  f ie lds .  
t ions ,  the B o l t z m a n n  equa t ion  has  the  f o r m  

(5) 

With these  l i m i t a -  

(6) 

Since the p a r t i c l e  m a s s e s  a r e  ident ica l ,  the  fol lowing r e l a t i o n s h i p s  a r e  val id :  

ivl~+ i~1~= Iv' I'+ l ~'t', 
v ' = v + n ( n ,  v - - v ) ,  v ' = v - - n ( n ,  v - - v ) ,  

n = {cos ~, sin 0 cos ~, sin ~ sin cp}. 

(7) 

We wil l  so lve  the Cauchy  p r o b l e m  

[ (0, r, v )=/oCr ,  v). (8) 

The  Solution. Le t  us  in t roduce  the n u m e r i c a l  p a r a m e t e r s  a, )/, and )/1 such  tha t  

a, X, X I > 0 ,  X > ~ l ,  
(9) 

[ a ]  = Iv1-2 [ t1-1 ,  [Z] = [ z t l  = [ t l .  

The so lu t ion  of the p r o b l e m  f o r  the  t i m e s  tE (0,)/i) wil l  be  sought  in the f o r m  

[(t, r, v)a--&fF(t, r, v ) e x p { - - e ( ~ - - t ) l v l ~ } ,  (10) 

w h e r e  F(t ,  r ,  v) is a new unknown funct ion.  A s s u m i n g  f0(r, v) to be l imi t ed  and d i m i n i s h i n g  r a t h e r  r a p i d l y  
as  IvJ ~ oo we r e q u i r e  tha t  F0(r,  v)d=eff0(r, v)exp{a)/{v[ 2} be l imi ted .  We then  find the  condi t ion fo r  the  nu-  
m e r i c a l  va lue  of the  p roduc t  aX, i .e . ,  

to (r, v) exp {aZl v I ~} < o o .  (11) 

The  func t ion  Fd~efF(t, r ,  v) s a t i s f i e s  the equa t ion  

~ ) ; . 0 + v- -~-  + a lv l*  F = Kexpl--a(z--t)Ivt*}(F'F'--FF)doXtVo o (12) 

with the  ini t ial  equa t ion  

F (0, r, v) = F o (r, v) ~fF o. 

The fo l lowing  in t eg ra l  equa t ion  c o r r e s p o n d s  to this  p r o b l e m :  
t 

F = S exp { - - a  lv ]2(t-- ~)} [SKe (F'F'  - -  FF)d~dv ] , _ d x  +[Foh ex p { - - a  J v I~t}, 
0 

Ke d~f K exp {--  a (% - -  t) I v Is}, 

(13) 

(14) 

o r  in o p e r a t o r  nota t ion  

F = AF, A d~f A~ + [Fo]texp{--c~lv I~t}. (15) 
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In Eq. (14) the b r a c k e t s  [ 
i s t i c s  of the equat ion:  

]s denote  a " b a c k w a r d "  shif t  o p e r a t o r  (by t i m e  s) with r e s p e c t  to the c h a r a c t e r -  

( + * + )  ~7 + - g  ~=0. 

As is  usual ,  we will  use  C to  denote  the s p a c e  of cont inuous  bounded funct ions  which depend on the 
v a r i a b l e s  t, r ,  and v,  with 0 -< t -< • Irl -< ~ ,  Iv] -< ~ .  The d i s t ance  funct ion in C is d e t e r m i n e d  f r o m  the 
e x p r e s s i o n  

I l x - - y H = m a x l x - - v l ,  x, vEC. 
t , r , v  

We wil l  d e m o n s t r a t e  tha t  if F0E C, we have  AC c C .  Indeed,  in this  c a s e  

and with x~ C 
[FoIe exp {--  a I v t 2 t} E C, 

t 

Let  us in t roduce  the funct ion 

(is) 

t 

,.<,,L S +)> :) 
0 

Since K e i n c r e a s e s  as I v - v l  - -  m no m o r e  r ap id ly  than  l inea r ly ,  L(t, v) is l imi ted  and exhib i t s  the fo l lowing 
p r o p e r t y :  

L(t, v)-+ O. (18) 
t ~ 0  

F o r  e x a m p l e ,  it is e a s y  to show that  fo r  the s o l i d - s p h e r e  mode l  

L(t,  v ) ~ 2 S ( I v l l  , + I 2 )  l " e x p { - - a l v l ~ t }  < o~, (19) 
= t v ? ,  

w h e r e  S is the c o m p l e t e  s c a t t e r i n g  c r o s s  sec t ion ,  and 11 and 12 a r e  c e r t a i n  i n t e g r a l s  which can  be ca lcu la ted  
in e l e m e n t a r y  func t ions ,  i .e . ,  

~ )3/2 a / 2 ,  
It = a (~---- Xi) , ' Iz = F (3/2) (a ()~---X,))z : (20) 

The o p e r a t o r  A thus  is  e f f ec t ive  in the space  C. 

Le t  A be g iven  in the  e l e m e n t s  of a c losed  s p h e r e  S(~, R) c C; ~d_ef~ (t, r ,  v) -= 0 is the null of the 
s p a c e  C. Let  us d e t e r m i n e  under  which condi t ions  A is a c o m p r e s s i o n  o p e r a t o r ,  f o r  which p u r p o s e  we e v a l -  
ua te  the  magn i tude  ] 1 A x -  AyII; x, y, AE S(~, R), i .e . ,  

tr Ax - -  AV tt ~- ti A : - -  A,V tJ 

I* I [ S , r  d+ ' - j  exp { -  =/v t 2(t - +)} [(~o(y'r vy)d~dvl, ~+ 
0 0 k a  ~ ~* * ,  - -  

-.<t] (x'x' - -  Y'Y'), - -  (x.x - -  yy)I["/! L (t, v)d' ~ (tl x'x' - -  y'y'.,+ II + It 'xx - -  vY [)I] g (t, v)[ i 

--< (tl (x' - y') x' [I + [l (x' - v ' )  v' g + II ( x -  v) x [I + 11 (x - v )  vll) IlL (t, v)l] <. 4R IlL (t, v)]].ll x - -  VTl[. 

Assuming 

LAd-~-4R ilL (t, v)l [ (21) 

and u s ing  p r o p e r t y  (18) of the funct ion  L(t,  V), f o r  any B and a su f f i c i en t ly  s m a l l  X1 we will  have  

I] A x  - -  A y  ]] ~ L A ]] x - -  y ][, L A < 1 .  (22) 
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The opera tor  A, de termined  on any closed sphere of the Banach space C under known conditions is thus a 
compress ion  opera tor .  It t r a n s f o r m s  S(d, i~) into S(d, 1:1), provided that 

tlAxII~IIA~xlI-D[IFo',!~LAR4-IIFoII.~<R, x ~ S ( O ,  R). 

F r o m  this we have the condition for  F0: 

Fo]l ~< (1 - -  LA) R. (23) 

In accordance  with the principle of compressed  mappings the opera tor  A in S(O, 1:1) then has a single non- 
moving point, while Eq. (14) has a unique solution to which the sequence {Xn+ 1 = Axn} converges uniformly 
for  any initial e lement  x0E S(d, R). The speed of its convergence is charac te r ized  by the inequality 

II x - x,, lI-< Ly~ (1--LA)-, II x, - -  xo II, (24) 

where x is the exact  solution. 

The nonnegative solution of the Cauchy problem for (12) can be found by turning to an integral equation 
in Enskog form,  assuming that F 0 -> 0 

t t t 

F = S exp {--a  I v ]~( t - -x ) - - J  "[LF]t-'ds}[NFlt-'dv 4-[Fol, exp{--ct[vrt-- J" [LF]e_,ds }. (25) 
O "r. 0 

By definition 

LF~ ~ K~ff d~dv, 

NF dej [ KeF,F,dcodv. 

In opera tor  notation (25) assumes  the form 

g de lh i  , F = AEF , z=~el--t-z4~2. (26) 

The opera tor  A E is posit ive and acts in the cone C+ of nonnegative functions of the space C. 

According to the p roper ty  of the norm, [[AEX - AEY[] -< H AElX - AElY[[ + ][ AE2X - AE2Y[] �9 Since L is a 
positive opera tor ,  with x, y~ C+ (3 S($, t~) and t -> t o -> 0 the following relat ionship is satisfied: 

[exp {-- ,(  [Lx]t_~ cls}- exp{-- ;[Lg]t_sds }1 ~ ;[Llx--gl]t-. ds. (27) 
to to t ,  

Hence it follows that 

I] Aelx -- Aelg l] 
t t t t 

d~=~ I1 S exp { - - a , v ] ' ( t - - x ) -  f[Lxl,_sds}[Nxlt_,d~--f' exp {--~,1 v [ '(t--x):-- j'[Ltl],_sds}[Ny]t_,d~ 
0 ~ ~ -r 

t t t 

0 0 1: 

t t 

]IA]F.2X-- As [] clef II [Fo] , (exp 1-- cLI v ]'t -- ~ [Lxl,_, ds} - -  exp {- -  u Iv I't - -  j' [Lglt_8 ds}l 
O 0 

t 

0 

The obvious inequalities 

; i t  I x -  y ll~_sds < l l x -  ytl .i iS K~d~ 
to to 

I N x  - -  N y  ] ~ II x - v fl 2.~ t Ke ao, a~ 

(30) 

(31) 
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p e r m i t  us to contend that  

1] AEx - -  AEg I] -~ (11. L~ (t, v) [l + 11 L2 (t, v)!l) ]1 x - -  g ~ d~t__ gz,ll x - -  b' ]I' (32) 

where  Ll(t, v) and L2(t , V) a re  funct ions  whose  expl ic i t  f o r m  fol lows (30) and (31); they  both d imin i sh  as  
t ~ 0 .  T h e r e f o r e ,  with a suf f ic ient ly  sma l l  X1, the o p e r a t o r  A E is c o m p r e s s i v e .  F o r  F 0 it is e a s y  to find 
the condi t ion under  which AEC + f] S(~), R) ~ C+ N S(#, H). Equat ion (25) then has a s ingle solut ion in C+ n S(d, 
R), on which the sequence  {Xn+ 1 = AEXn} c o n v e r g e s  un i fo rmly .  

It is thus p roved  that  the solut ions  of the in tegra l  equat ions  (14) and (25) can be found as the l imi ts  of 
un i fo rmly  c o n v e r g i n g  sequences  of a spec i f ic  fo rm.  At the instant  t = X1, spec i fy ing  a new initial  condit ion 
f~defF(• r ,  v ) e x p { - a  (X - ~/1)Iv[ 2} and again applying the outl ined cons ide ra t ions ,  we find a solut ion in the 
t ime in te rva l  (X1, ~(2), then in ()~2, X3), e tc . ,  cont inuing in this  manne r  to any in terval  at which the solut ion is 
l imi ted  and d imin i shes  r a t h e r  rap id ly  as  Iv[ ~ 

R e m a r k .  In ana logous  fash ion  we can examine  the equat ion 

-Or- + v ~ , f = t( (['~ - -  f~) dcodv, (33) 
m c]v -~ 

if X(r) = - g r a d  U(r) and U(r) > - % i.e. ,  the ex te rna l  field is c o n s e r v a t i v e  and shows no infini tely deep po-  
tent ial  wel ls .  We then p r e se n t  the solut ion in the f o r m  

[ (t, r, v) ~ F (t, r, v) exp {-- ~:(X - -  t):e (r, v)}, 

(34) 
s(r, v)de~--! l r n l v l ~  +.U(r), 

w h e r e  /3 is some  n u m e r i c a l  p a r a m e t e r .  In the in tegra l  equat ion c o r r e s p o n d i n g  to (14) 
(t -~ )}  we have the t e r m  

t 

e x p ( - -  [3 j" [e(r, v)]t_ ds}, 

b e c a u s e  the shift  o p e r a t o r  [ ] t - s  with r e s p e c t  to the c h a r a c t e r i s t i c s  of the equat ion 

0 0 X(r) 0 ) 
u = 0  7 + V - - o T r  + m ov 

instead of e x p { - ~  IV[ 2 

o p e r a t e s  on r and v. However ,  e(r, v) is the tota l  e n e r g y  of the pa r t i c l e  mov ing  in the potent ial  field; con -  
sequent ly ,  

[8 (r, v)] t- ,  -= 8 (r, v).  

T h e r e f o r e ,  fo r  F we obtain the equat ion  

F =   exp (r. + It, 
0 

Ke deA K exp {-- [3 (% - -  t) e (r, v)}. 

The na ture  of the p roof  subsequen t ly  is v i r tua l ly  no d i f fe ren t  f r o m  the case  in which X(r) - O. 

(3s) 

t 

~7 

m 

v 

X 

(r 

S 
~ - , e  

NOTATION 

is the t ime;  
Is the rad ius  v e c t o r  of the par t i c le ;  
is its m a s s ;  
ts its ve loci ty ;  
ts the ex te rna l  field; 
is the d i f fe ren t ia l  s c a t t e r i n g  c r o s s  sect ion;  
is the comple te  s c a t t e r i n g  c r o s s  sect ion;  
a r e  the s c a t t e r i n g  angles;  
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Kn 
f, ,f, f', 
~9(rij) 
r i j  
r o 
I 
K 
K(d) 
d 

a ,  fi,~, • X2, X3 
F 

F0 
Ke 

[ ] s  

C 
C+ 

II xll 
A, A1, AE, AE1 , AE2 
L{t, V), Ll(t,  v), L2(t, v) 
I1, 12 
F 
s(~, R) 
~d~e--f(t, r ,  v) 

R 

L A, L E 
U(r) 
E (r, V) 
def 

L , N  

is the Knudsen number;  
a re  dis t r ibut ion functions; 
is the potential  of the molecu la r  field; 
is the dis tance between par t i c les  with the numbers  i and j; 
is the "cl ipping" p a r a m e t e r  of the potential  q~(rij); 
is the col l is ion opera tor ;  
is its kernel ;  
is the angular  port ion of the kerne l  K; 
is the d i a m e t e r  of the molecule  in the model of the solid spheres ;  
a re  numer i ca l  p a r a m e t e r s ;  
is the new unknown function; 
is a function re la ted  to the initial  condition; 
is the t r a n s f o r m e d  kernel  of the col l is ion opera tor ;  
is the shift ope ra to r  (by t ime  s) with r e spec t  to the c h a r a c t e r i s t i c s  of the d i f fe ren-  
t}al equations; 
is the space  bounded by continuous functions; 
is its cone of nonnegative functions; 
is the no rm of the e lement  x; 
a r e  the integral  ope ra to r s  effect ive in C; 
a re  auxi l ia ry  functions; 
a r e  the in tegra ls  in (20); 
is the "/-function; 
is a c losed sphere  in the space C; 
is the cen te r  of this  sphere  (the null of the space C). 
is its radius;  
a re  the constants  of the Lipschi tz  ope ra to r s  A and AE; 
is the potential  of the externa l  field; 
is the total  energy  of the par t i c les  in the field X(r); 
is the equal i ty sign introduced by definition; 
a re  o p e r a t o r s  in A E. 

1, 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 
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